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1 Let u”" be the uniform probability measure on the n-dimensional cube [—1,1]". Let
H € R™ be the hyperplane orthogonal to the principal diagonal, i.e., H = (1,---,1)*. For
any r > (0, we further define

Ap, =A{x € [-1,1]",dist(x, H) < r},

where dist(x, H) represents the distance from the point @ to the hyperplane H. Show that

for any constant € > 0, the following two estimates hold for all sufficiently large n

(1) : :un<AH,n5) >1- n72€, (2) : :un<AH,n5) >1-— an/Q'
SV, BB TF IR R 1 (A gy ), B m<Aﬂf;(n[f_ - [1—]2; 0 e m

Lebesgue M), (HKRI n FEAEH REUBHE, K m(Ag,. N[—1,1]") PEECARME. 5

BIEE n = 2,3 RS54 UELBERRNY, (AT —RHTE F, Ml VT (B4 20

i), HET, 56 AT R UE B E AR, BRAEEHE s ) U A ORI R BT A A A

RAGE AT KA.

WERR. & = (21,70, ,20) € H, W 21+ 20+ -+ 2, =0. 855 Ap, FE XATH
AH’WE = {33 < [—1’ 1]n’ |3§'1 +ax2+ -+ l‘n‘ g Tl%+€} )

AT 1 ) R A P R A Y
Bjﬁﬁl%% X>X17X27' o 7Xn Lid U[_la 1]7 )LE‘ Sn = Xl + X2 + -+ Xn, )H\U /Ln(AHynE) =
P(|S,| < n2te). WA R FHHEH:

(1) : P(IS] > n2*) <n ™, (2): B(ISa| > nd*e) <,

O/MNANFEH: http://home.ustc.edu. cn/~zyx240014/.
RV ROD L /. zyx2400140mail . ustc.edu. cn.
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Hrr (1) 83t Markov ANSELRIAS:
2 n 2 2
b5, 5 by < EUS) _ TELEORD) _ECC)

nltee nlt2e T ST

XIF (2), BATSGIEY] Hoeffding A%
5|32 (Hoeffding AERX). WHIZE X1, Xy, -, X, M7, HHZE a; < X; < b;. id
Sp=X1+Xo+ -+ X, WX Ve >0, H
2n2x?
P(S, —ES, > nx <exp{— - }
( ) ST (b — @)
WEAR. & EX, =0, MEE ¢t >0, H

IED(Sn > nx) < eftn:tEetSn _ eftnz HEeth' (1>
k=1
FHRAIG I Ee ™. By = " R Jenson A4, 414
—a; 4 o bi— .
¢ = Ja) = v+ (L= 1)b) < 7f(@) + (1 =) f(b) < oty B e
SJlie
tX; a; th; bl ta,
[ < _ i i
Ee X bi—aie +bi—aie
= (1 — 0 + ge'tbimai))e=0ibimai)
=(1-60+ 06“)6_9“
— o)
/\EI:I
0= 7 Ciial, u=t(b; — a;), g(u) = —0u+log(1 — 6 + fe*).
1 S
i g(0) = ¢'(0) =0, ¢"(u) < 7 (Vu>0). A Taylor &I, F74E € € (0,u), Wi
. g// 5 u2 t2 bz —a; 2
o) = 9(0) + g O + L2 < = T 0T

(7, E"z)

I B < e g ERAA (1)
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[ 2], A ES, = 0 & Hoeffding A%530, FATH

Sn 2e
P(|S,| > nzt) = 2P(22 > pf2) 202"
n

N}

SR W NN -]
1,2 _pel2

P(|S,| > n77) < 272" e

N

RROT. O
L (2) FREMH AR T Hoeffding A%, iX/MNAELA LRGSR, a0 5 Bl 56 5 5 2L
t —t

v HAE S 2, R —— < oF (Wi HL) TTLME 5

n et — e t\" 1
P(S, > nz) < e MR = o7i® gEetX’“ = T ( 57 ) < exp {—tm: - §nt2} )

XE r=n2 Bt =22, WH

1 n25

]

P(|S,| > n2t) < 2P(S, > n2te) < 2e”

2. A R AR AT A T LU T T A A )
(1) % U,V @MAr s S E n 4B A8 BRI AL, X, FoR MR BRERER B, TERT:
EX, . 1

vn 6

(2) WHE v,vs, - ,v, € R", HXMEE 1 <i < n e |v < 1. X w = Zpi’vi, Hrp
i—1

€ [0,1]. EBH: f#1E &, € {0, 1}, {415

n
n
Zéifvi —w| < £
, 2
=1
2 Let X, Xs,--- be positive random variables. We assume that X, converges to 0 in

probability, and that lim EX,, = 2. Prove that lim E|X,,—1| exists and compute its value.

n—oo n—oo

. BEHHERIE. RATA

ElXy — 1] = E((Xyn — D1x,>1) + E((1 = Xo)Lix,<1y)
= E(Xn]l{Xn>1}> - ]E(Xn]l{Xn<1}) - P(Xn = 1) + P(Xn < 1)
—EX, +1 - 2B(X,Lix,<1}) — 2P(X, > 1).
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mxgioﬂ@ypug>m:0Rﬂﬁxmwmuﬁ%E%%Mﬂﬁﬁﬂ@pE@ﬂng=
0. #H
lim E|X, — 1] = 3.

n—oo

O
3  There are n people playing a game. Initially everybody had one dollar at hand. During

each round of the game, we randomly pick two people and they will toss a fair coin, to decide
who wins this round of the game. The loser will submit one dollar (note: just one, not all of his
money) to the winner. Assume that a person who had no money at hand will be immediately
driven out of the game. The game stops until all money is at the hand of only one person.
Calculate the average number of rounds that the game plays.

Note: In each round only two players are involved.

X A RS R NER S RV BLER | INDSREN. (7N (E DS e e B 1 Ay R N R A BT I pI I E |
2%, B5 n 2IEMR, IREAT. G RIBHCH TN RIBAE— D NS b, KI5 E 2
BRSO AR TR AR B 1A A DI L 3SR B A 20 M e R ] A B R

. FRATSGUE ] A BB BERE Y () 51 B (WL Durrett 4.8 79):

Let &£),&, ... be iid., S, = Sy + & + --- + &,, where S is a constant, and let 5, =

o(€l, ..., &). We will now derive some result by using the three martingales from
Section 4.2,

Theorem 4.8.7 (Symmetric simple random walk) refers to the special case in which
P(g = 1) = P(&§ = —1) = 1/2. Suppose 59 = x and let N = min{n : §, & (a,b)}.
Writing a subscript x to remind us of the starting point
@  PSy=a)=—%  P(Sy=b =11
b—a b—a
fh) EgN = —ab and hence E.N = (b — x)(x — a).

LetTy = munin : §) = x}. Tukinga = 0, x = 1 and & = M we have
PI(T, c:r;—l PI(T, <r;—h
11U A ot = M IVEM 0} = M

The first result proves (4.4.1). Letting M — oo in the second we have P (Tp < occ) = 1.

Proof (a) To see that P(N < oo) = 1 note that if we have (b — a) consecutive steps of
size +1. we will exit the interval. From this it follows that
P(N > m(b —a)) < (1 — 2~ b-a)ym

50 EN < oo.
Clearly, E[Sy| = oc and S, 1{y-,) are uniformly integrable, so using Theorem 4.8.2, we
have

x=ESy =aP.(Sy =a)+b[l — P.(Sy =a)]
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Rearranging, we have Py (Sy = a) = (b — x)/(b — a) subtracting this from 1, Py (Sy =
by = (x —a)/(b—a).
(b) The second result is an immediate consequence of the first.

Using the stopping theorem for the bounded stopping time N A n, we have

0 = EoSypn — Eo(N An)

The monotone convergence theorem implies that Eq(N A N) 1+ EgN. Using the bounded
convergence theorem and the result of (a) with x = 0 implies
4 —il

b
2 -2 2
E{] S.'\hr.-"-i! — a b 4 + b b 4

b —a b ;
= b—a+b—z1 -

which completes the proof. |

PR B 75 A B S e B, T T 4h b HE DT VR B UE B

JERR. [ ERER, BATH P(NV < o0o) = 1. M Po(Sy = a) + Po(Sy = b) = 1. it p, =
P.(Sy = a), WA p, = 1,p, = 0. FIHEMELARK, A
Dz = %(px+1%px_1)
et fd
Pz+1 — Pz = Pz — Pz—1-
A po = 1,pp = 0 AR, 15

b—x r—a
]P)a;(SN—a)—px—b_a, ]P)x(SN—b>—b_a
FIEERATT AR E,N. % T, =E,N, WH T, =T, = 0. MEMHH
1 1 1
T, = §(Tx+1 +1) + §<Tm—1 +1) = §<Tm+1 + 1) + 1.
ATIES:
Ta:Jrl —T, =T, —T, 1 —2
b—1
BRHO0=T,~T, =) (T —Ti), THF
k=a
Top1—T,=b+a—2x—1.
v LA
r—1 r—1
EN=T, =T, ~T, =Y (T —Te) = (b+a—2k—1)=(b—z)(x - a).
k=a k=a
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B2 A8 T Bl R AR (S E, Xi(1 < i <n) NE ¢ DALERE 0 dollar
5 n dollars WAt CLBCHRE A 1 RS R, BRATR I, BoJm i sRai e Fir A A48T 0 dollar
5 n dollars HPIRZS, HENEX ARSI QA AR, 5 A F e m. ma— i
R A B A N A A SRR T R A, e 2] H ok & X

S EH, IR 1 <i<n, WH EX; =n— 1, Kk

n(n—l)'

1
ET:§E(X1+X2+---+Xn):gEX1: >

O

E XARR G AR T A CRE SRR B, FHL b, BAMERCE BRI
“RIS AR 2 RS TR, EAEBERA BT EA KT RS BRI
Jrid, XEUE MR

n

4 Let {X,},oy and {X/},_y be two independent simple random walks on Z? such that

Xy = X, = 0. Here simple walk means if z,y € Z% and ||z—y|| = 1, then
P(Xpi1 = y| X, =x) = (2d) .
Let I = {(s,t) : X; = X,}. Prove that || < 0o a.s.

WERR. BATE et

TAA
P(X2n+1 - 0) - 0,

P(X2n — 0) — Z (QTL)' - (Qd)—Qn

(2002 - (a2 (0 — i1 — - — 1))

1, ,id—120
i1+ t+ig_1<n

2n n! 2
— 27211 dfn
<n) Z < 21'22'2d_1‘(n—21——ld_l)')

i1, ,8g—120
1+ t+ig_1<n

2n n!
L 27 max A" — . . .
n ) i ig—120 igligl - ig gl (n — iy — - —igq)!

i1t +ig—1<n
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n!
X d—"
Z i1 Vo] (n—iy— - —ig_q)!

11, ,iqg—120 d=1
i1+ Fig_1<n

—J7 1,
n!
Z PPN '(n—i—-.._l' )':(1+1+...+1)n:dn_
i1, igoq >0 12T 1 d-1): - A

i1+-+ig_1<n

i, F1E C, > 0, {E15

n!

max d " — , - , <Cd™
i1, ig—1>0 inligl e vig gl (n— iy — - —dgq)!

ﬂl)d
i1t Fig—1<n a’

FIH Stirling A3 n! ~ vV2n7 <2)n (n — o0), TAMTAH

e

Cdn n onse o, N n 1 a1

(5)° ()" V@ 2m)s"

d

Hr Gy AKT 0 H %L H i Stirling 2 30AT,

P(Xgn == O) == 022—271 (2n) no 2 < Cg’l’L_ s

Horp C5 KT 0 HHH A

“2)  (n — 00).
EIFER, 4 d=1,2 B, P(X, = 0) ~n~2 (HEERALERAEM), T Y n% = +oo,
n=1

W D) P(X, = 0) = +oo. Bk X, 7€ 0 4B, i Va,y € 27, z,y WHEAIE, FHit
n=1

Xt Ve € 7%, X, £ x WbWIR. 8 7, = inf {k > 1|X;, = x}, 7, = inf {k > 1| X} = 2}. HIHiR

HHI P(r, < 00) = P(7, < o0) = 1. MIXHMTRE N € N*, 56

P(I > N) > P(NY, ({7, < 00} N {7ay <00}) 21— (P(ry = 00) + P(r} = 00)) = L.

=1

P(I>N)=1.
Frbl |I| = oo a.s.. # d = 1,2 BfJii iy @A BT
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WERE d > 5 WEEE. BOMHFTIEW EI < co(HNE P = 00) > 0, A EI = oo
FJE). 8 pij(n) = P(X, :g|X0 =1),p;; =P(Fn € N* 5.t. X, = j|Xo =1). FIH—REIK

FERI 250 Zpij( = pij Zp” ) (BRI E BAARAE n = oo G51BTN KAL), FATA

o

EI

E(Lix,—x}}) ZZZP P(X; = §)
=0

t= sOtOeZd

)
s (zm )(éw@) DL (pr ) (5 )
).

Z Poi (Z pOO(S)) (ZPOO@)) Z Do <Z Poo(s

s=0 jezZ

vl
[

>

j €L

8

00
=0

S
vl

=0t

<.

3 L ARSI E B ARAE SR AR O T A8, £ P(X, = 0) = O(n~2) 1,

Zpoo < +00.

81X = sup |z (X = (21, ,2q)), %Hﬁﬁﬁixrﬁk (SOME INTERSECTION PROPER-

1<i<d

TIES OF RANDOM WALK PATHS)» A/ Lemmal A%, 7 C > 0, X{E& k € N* &

51l =k, A
C
poj<m.

K, 71 Cy >0, F

ZpOJ 1+Zp03 1+Zk2d4:1+z(kd_(k_1)d>.w
k=1

d
Jer = =
o0 d 1 oo 5 g
1+Cozk2d4 1+Cozk < +oo.
= k=1

i EI < 0o a.s. J]OT.
SR KT d > 5 WIEE, BHRGFERZS H 7 —N S s ik

E[—ZZ]E Lix,=x1}) iiﬂ»(xs:x;): 3 OOIP(XS+X;:0):§:§:IP(XSH=0)

s=0 t=0 =0 t=0 s=0 s=0 t=0

8T

n o0

0
= i D P(Xu=0)= (n+DP(X, =0)<C' Y n'"% < +oc,
n=0 s

=0 n=0 n=0
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KT d=3,4 WiHHE:

K F S % TR (SOME INTERSECTION PROPERTIES OF RANDOM WALK PATHS)
FEER, 4R EI = oo a.s., BJEATAEA AL, A e R AHE A TRe A8 B0 1 57, |
, O



	
	
	
	

